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GALOIS MODULE STRUCTURE OF (ℓn)th CLASSES OF FIELDS
JA´N MINA´Cˇ1, JOHN SWALLOW2, AND ADAM TOPAZ3
Abstract. In this paper we use the Merkurjev-Suslin theorem to determine the structure
of arithmetically significant Galois modules that arise from Kummer theory. Let K be a
field of characteristic different from a prime ℓ, n a positive integer, and suppose that K
contains the (ℓn)th roots of unity. Let L be the maximal ℓn-elementary abelian extension
of K, and set G = Gal(L|K). We consider the G-module J := L×/ℓn and denote its
socle series by Jm. We provide a precise condition, in terms of a map to H
3(G,Z/ℓn),
determining which submodules of Jm−1 embed in cyclic modules generated by elements of
Jm; therefore this map provides an explicit description of Jm and Jm/Jm−1. The description
of Jm/Jm−1 is a new non-trivial variant of the classical Hilbert’s Theorem 90. The main
theorem generalizes a theorem of Adem, Gao, Karaguezian, and Mina´cˇ which deals with the
case m = ℓn = 2, and also ties in with current trends in minimalistic birational anabelian
geometry over essentially arbitrary fields.
1. Introduction
“What information is encoded in Galois groups?”
This is the fundamental question of Grothendieck’s anabelian geometry; the several achieve-
ments in this subject show that in many special but important situations, the answer is
“everything” when one deals with the all of the Galois theoretical information. In the bira-
tional setting, for instance, the Neukirch-Uchida-Pop theorem [Neu69b], [Neu69a], [Uch76],
[Pop94], [Pop00] completely characterizes infinite finitely generated fields using their absolute
Galois groups.
Current trends in the literature suggest that, in many cases, much of the arithmetic and
geometry of the situation can already be detected using very minimal Galois theoretical
information. Most prominent is Bogomolov’s program [Bog91] in almost-abelian anabelian
geometry – for function fields over an algebraically closed field using the maximal pro-ℓ
Galois group of a field – whose aim is to reconstruct such function fields from their pro-ℓ
abelian-by-central Galois groups. While this program is far from being complete in its full
generality, it has been carried through for function fields over the algebraic closure of a finite
field [BT08], [BT11], [Pop12].
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Similar results, however, are easily seen to be false for arbitrary fields – indeed, there
exist many non-isomorphic fields which have the same absolute Galois group. It is still the
case, however, that even very small pro-ℓ Galois groups still carry a significant amount of
arithmetic/geometric information about the field, as described in the overview below. In
this paper, we find how much pro-ℓ Galois theoretical data is encoded in these minimal
“almost-abelian” pro-ℓ Galois groups. More precisely, we use the Merkurjev-Suslin Theo-
rem to determine the structure of arithmetically significant Galois modules which form the
building-blocks of meta-abelian pro-ℓ Galois groups. The main theorem of this paper is
rather surprising as it shows that very small quotients of an absolute Galois group com-
pletely control the structure of Galois modules arising from strictly larger Galois groups.
Moreover, it is rather surprising that this holds true for arbitrary fields which contain enough
roots of unity.
1.1. Overview. LetK be a field of characteristic different from a fixed prime ℓ. Assume that
K contains µℓn, the (ℓ
n)th roots of unity (n ≥ 1 or n =∞). We denote by K(ℓ) the maximal
pro-ℓ Galois extension of K (inside a chosen separable closure) so that GK := Gal(K(ℓ)|K) is
the maximal pro-ℓ quotient of GK , the absolute Galois group of K. Let us recall the mod-ℓ
n
central descending series of a pro-ℓ group G:
G(1,n) = G, G(m+1,n) = [G,G(m,n)] · (G(m,n))ℓn.
To simplify the notation, we denote by G[m,n] = G/G(m,n); when no confusion is possible, we
will omit the explicit n: G(m) = G(m,n), G[m] = G[m,n]. In the context of Galois theory, G[3,n]K
is called the ℓn-abelian-by-central Galois group of K.
It has become increasingly evident that much of the arithmetic information of the field
K which is encoded in the pro-ℓ Galois group GK can be recovered using the much smaller
quotient G[3]K . For instance, in the case where ℓn = 2, Mina´cˇ-Spira showed that the group
G[3]K captures information about orderings of K, and that this group can be seen as a Galois-
theoretical analogue of the Witt ring of quadratic forms of K – see [MS90], [MS96].
Furthermore, the Bloch-Kato conjecture – now a theorem of Voevodsky-Rost et al. –
can be used to deduce that the cohomology ring of GK (and/or GK) H∗(K,Z/ℓn(∗)) ∼=
H∗(K,Z/ℓn), along with the Bockstein morphism, can be recovered from the decomposable
part of H∗(G[3]K ,Z/ℓn); conversely, the group G[3]K can be recovered from H∗(K,Z/ℓn) together
with the Bockstein morphism – see [CEM12] for details. Thus the group G[3]K , for ℓn an
arbitrary prime power, can be seen as a Galois-theoretical analogue of the Milnor K-ring
KM∗ (K)/ℓ
n. Going further, in the recent paper [EM11], G[3]K was identified as the smallest
quotient of GK for which the above holds. In any case, as an immediate consequence one
can deduce the following: Suppose that S is a free pro-ℓ group; then G[3,1]K ∼= S [3,1] if and
only if GK ∼= S.
On the other hand, GK and its quotient G[3,n]K already encode similar valuation theoretic
data of the field, for certain n. The work of Jacob-Ware [JW89], Engler-Nogueira [EN94],
Efrat [Efr95] and Engler-Koenigsmann [EK98] in the 90’s show that one can completely char-
acterize the decomposition and inertia subgroups of GK corresponding to tamely-branching
valuations of K using only the group-theoretical structure of GK . Later on, it was realized
by Efrat-Mina´cˇ [EM12] that the much smaller quotient G[3,1]K suffices, in certain special cases,
to detect tamely-branching ℓ-Henselian valuations of K (see also [MMS04] for the ℓ = 2
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case). These results build upon the theory of rigid elements which was originally developed
by Ware [War81], then further developed by Arason-Elman-Jacob [AEJ87], Koenigsmann
[Koe95], Efrat [Efr95], [Efr99], and also others. Similarly, Bogomolov and Tschinkel’s theory
of commuting-liftable pairs shows how to detect many more valuations using G[3,∞]K but only
for function fields K|k over algebraically closed fields k = k¯ – see [Bog91] and [BT02]. Uni-
fying the two methods mentioned above, the recent work of the third author [Top12] shows
that the small quotients G[3,n]K , for n = 1 or n = ∞, already encode information about the
decomposition/inertia subgroups of G[2,n]K corresponding to all valuations of K where K is an
arbitrary field with µℓn ⊂ K. See e.g. [Efr06a], [Efr06b] and/or [Top12] for a comprehensive
history and development of this subject within the work of the many authors mentioned
above.
The theory of commuting-liftable pairs was used as the “local-theory” in the completion
of Bogomolov’s program in birational anabelian geometry over the algebraic closure of a
finite field by Bogomolov-Tschinkel [BT08], [BT11] and separately by Pop [Pop10],[Pop12].
In particular this shows that, if K and L are function fields over the algebraic closure of a
finite field, then GK ∼= GL if and only if G[3,∞]K ∼= G[3,∞]L , in a functorial way.
The examples above suggest the following question: to what extent is GK determined by
G[3,n]K ? In this paper, we investigate a surprising relationship between the structure of small
“almost-abelian” quotients of absolute Galois groups – including and building upon G[3]K – and
the structure of Galois modules defined by strictly larger Galois groups. More precisely,
we explore how these groups control certain arithmetically significant Galois modules J
which arise from Kummer theory; this is done by producing cohomological obstructions
for determining cyclic submodules of J (see below for details) which can be seen as higher
versions of Hilbert’s Theorem 90. This provides a new and rather efficient way of describing
important modules in Galois theory by combining powerful methods from Galois cohomology
and techniques from modular representation theory. The main result of this paper thus
answers the question of determining the structure of the fundamental Galois module J . The
work of this paper will have further applications towards the construction of ℓn-meta-abelian
Galois groups from much smaller ℓn-abelian-by-central Galois groups of arbitrary fields
which contain sufficiently many roots of unity.
1.2. Notation. All homomorphisms in the context of discrete and profinite groups will be
continuous. From now on, we will fix once and for all a prime ℓ and an integer n ≥ 1. For
any abelian group M we will denote by M∨ = Hom(M,Z/ℓn). Let G be a pro-ℓ group. We
denote by H∗(G) = H∗(G,Z/ℓn), the continuous cochain cohomology of G with values in
Z/ℓn. Throughout we will denote by H = G(2) and G = G[2] = G/H and assume that G
is Z/ℓn-torsion-free – i.e. G ∼= ∏i Z/ℓn. We consider the cohomology group J := H1(H)
as a G-module. Denoting Λ := Z/ℓn[[G]] the completed group ring, we observe that J is a
continuous Λ-module where J is given the discrete topology.
Remark 1.1. Let K be a field as above (charK 6= ℓ and µℓn ⊂ K). Kummer theory implies
that G[2]K is Z/ℓn-torsion-free – i.e. G[2]K ∼=
∏
i Z/ℓ
n.
In this situation we pick, once and for all, an isomorphism of GK-modules µℓn ∼= Z/ℓn
and use it tacitly throughout. The module J then has a significant arithmetical counterpart.
Indeed, recall that H = G(2)K . Denoting by L = K(ℓ)H , we deduce that L|K is Galois,
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G = Gal(L|K) and Kummer theory implies that K( ℓn√K) = L. Again by Kummer theory
we deduce that J = L×/ℓn, considered as a G = Gal(L|K)-module where the action of G on
J is compatible with the canonical projection L× ։ L×/ℓn.
Going back to the general situation, denote by I the augmentation ideal of Λ. The Λ-
module J has a canonical filtration (commonly known as the socle series) induced by I
defined as follows:
Jm := {γ ∈ J : ηγ = 0 for all η ∈ Im}.
Hence we immediately see that Jm is a Λ/Im-module. Thus, in particular J1 = JG is the
submodule of invariants; the higher Jm can be seen as generalizations of the submodule of
invariants in the sense that Jm+1/Jm = (J/Jm)
G; in particular, we deduce that I ·Jm+1 ⊂ Jm.
Moreover, this is an exhaustive filtration in the sense that
⋃
m Jm = J .
Suppose γ is some element of Jm. Then there is a canonical Λ-homomorphism φγ : I →
Jm−1 defined by η 7→ ηγ. This is, of course, the restriction to I of the unique Λ-linear map
Λ → Jm defined by 1 7→ γ. In particular, we obtain a homomorphism of Z/ℓn-modules
Jm → HomG(I, Jm−1) defined by γ 7→ φγ.
A natural question arises: Which homomorphisms φ : I → Jm−1 are actually defined by
a γ ∈ Jm as above; namely, what is the image of the canonical map Jm → Hom(I, Jm−1).
Equivalently, one can ask: which submodules M ≤ Jm−1 satisfy I · M˜ = M for some cyclic
submodule Λ · γ = M˜ ≤ Jm? In some sense, this question provides a way to relate the
G-module structure of Jm to that of Jm−1.
In the special case ℓn = 2,m = 2 and G = GK for a fieldK of characteristic different from 2,
Adem, Gao, Karaguezian, and Mina´cˇ ([AGKM01] Theorem 4.1) determined a cohomological
obstruction, with values in H3(G,Z/ℓn), which determines precisely which φ : I → J1 = JG
arise from an element γ ∈ J2. In this paper, we provide a generalization of this obstruction
as described below.
Going back again to our general situation, given a homomorphism φ : I → Jm ≤ J =
H1(H), we obtain an induced pairing:
I ×H → Z/ℓn.
Denote by Hφ the right kernel of this pairing, then Hφ is a normal subgroup of G as Im(φ)
is a G-submodule of J ; we denote by Gφ the quotient G/Hφ.
Remark 1.2. In the context of Galois theory – i.e. G = GK and L = K(ℓ)H as above – take
φ : I → L×/ℓn = J a homomorphism (with image, for example, in Jm). We deduce using
Kummer theory that L( ℓ
n√
Imφ)|K is Galois and:
Gφ = Gal(L( ℓn
√
Im φ)|K)
where Gφ is the quotient of G as defined above.
In this paper we give a naturally defined map, Ψ: HomG(I, Jm) → H3(G,Z/ℓn) (Def-
inition 3.1) which yields our desired obstruction for pro-ℓ groups G which satisfy an as-
sumption reminiscent of the Merkurjev-Suslin theorem. Moreover, we show that there is a
group-theoretical recipe to compute Ψ(φ) using the group-theoretical structure of Gφ.
Theorem 1. In the notation above, consider the following statements:
(1) φ = φγ for some γ ∈ Jm (see the definition of φγ above).
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(2) Ψ(φ) = 0 ∈ H3(G,Z/ℓn) (see Definition 3.1 for the definition of Ψ).
Then (1) implies (2). Assume furthermore that the inflation map H2(G)→ H2(G) is surjec-
tive, then (1) and (2) are equivalent. Moreover, there is a group-theoretical recipe to compute
Ψ(φ) using the group-theoretical structure of Gφ.
Remark 1.3. Let K be a field as above and assume that GK = G. Then by the Merkurjev-
Suslin theorem [MS82], one has H2(GK ,Z/ℓn) ∼= H2(K,µ⊗2ℓn ) = KM2 (K)/ℓn. On the other
hand, Kummer theory implies that H1(G[2]K ,Z/ℓn) ∼= H1(K,µℓn) = K×/ℓn. These isomor-
phisms are compatible with the cup product and so we deduce that the inflation map
H2(G[2]K ) → H2(GK) is surjective so that GK satisfies the added assumption of Theorem
1.
2. Encoding Jm using Cohomology
In this section and throughout the paper, we use the notation introduced in §1.2. In
particular, G is a pro-ℓ group, H = G(2) and G = G/H . For any G-module M , we consider
M also as a G-module with action via the canonical projection G → G. In particular,
such a module M is acted upon trivially by H . If N is another G-module, we endow
Hom(M,N) = HomZ(M,N) with the usual structure of a G-module by defining:
(σ∗f)(m) = σ · f(σ−1 ·m)
for σ ∈ G, f ∈ Hom(M,N) and m ∈ M . Thus, Hom(M,N)G = HomG(M,N) is the set of
G-equivariant homomorphisms from M to N .
We now provide a cohomological way of encoding Jm as Z/ℓ
n-modules. We will also show
how to encode the canonical map Jm → HomG(I, Jm−1) using cohomology. For simplicity,
denote Im := I/Im and Λm := Λ/Im. Recall that
Jm = {γ ∈ J : η · γ = 0 ∀η ∈ Im}.
The canonical map HomG(Λm, J) → Jm defined by f 7→ f(1) is an isomorphism (of Z/ℓn-
modules). Also, one has the obvious equality: HomG(Im, J) = HomG(I, Jm−1). For γ ∈ Jm,
we obtain a homomorphism φγ : I → Jm−1 defined by η 7→ η · γ. On the other hand, the
map Im →֒ Λm induces a canonical restriction map HomG(Λm, J)→ HomG(Im, J); this map
is precisely γ 7→ φγ as defined above when one identifies HomG(Λm, J) ∼= Jm as above.
Recall that, since Λ∨m is a trivial H-module, we have H
1(H,Λ∨m) = Hom(H,Λ
∨
m) and thus
H1(H,Λ∨m) = Hom(Λm, J) by Pontryagin duality. Therefore, H
1(H,Λ∨m)
G = HomG(Λm, J)
as described above; furthermore recall that Jm ∼= HomG(Λm, J). In a similar way, we deduce
that H1(H, I∨m)G = HomG(Im, J). The map Jm → HomG(Im, J) defined by γ 7→ φγ corre-
sponds via these canonical isomorphisms precisely to the map H1(H,Λ∨m)
G → H1(H, I∨m)G
induced by Λ∨m → I∨m, the dual of the canonical embedding Im →֒ Λm. We summarize this
discussion for later use in the following lemma:
Lemma 2.1. One has canonical isomorphisms:
H1(H,Λ∨m)
G
∼=−→ HomG(Λm, J) ∼= Jm,
and
H1(H, I∨m)G
∼=−→ HomG(Im, J) = HomG(I, Jm−1)
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which are functorial in the natural sense. Also, the following diagram commutes:
H1(H,Λ∨m)
G

// Jm
γ 7→φγ

H1(H, I∨m)G // Hom(I, Jm−1)
Remark 2.2. First, observe that the isomorphismH1(H,Λ∨m)
G
∼=−→ Jm is not an isomorphism
of G-modules. Indeed, G may act non-trivially on Jm (the action is non-trivial as long as
J1 6= Jm), but it acts trivially on H1(H,Λ∨m)G.
In the Galois situation, if G = GK for a field K as in the introduction, the lemma
above can be seen as a kind of “invariant Kummer theory” in the following sense. One
has H1(H,Z/ℓn) = L×/ℓn (using the notation of the introduction) – this is an isomorphism
of G-modules. In particular, J1 = J
G = H1(H,Z/ℓn)G. On the other hand, Λ1 = Z/ℓ
n
and thus (Λ1)
∨ = Z/ℓn. Generalizing to Im ≤ Λ, we obtain the analogous isomorphism
H1(H,Λ∨m)
G ∼= Jm.
In the main theorem, we determine the image of the canonical map Jm → Hom(I, Jm−1)
in a cohomological way. Equivalently, using Lemma 2.1, we will compute the image of the
canonical map:
H1(H,Λ∨m)
G → H1(H, I∨m)G.
3. Cohomological Invariants
In this section we will define the cohomological obstruction which ensures φ : I → Jm−1 is
defined by some γ ∈ J as discussed above.
Definition 3.1. Consider the spectral sequence associated to the group extension 1→ H →
G → G→ 1:
H i(G,Hj(H,M))⇒ H i+j(G,M)
and the differential d2 : H
1(H,M)G → H2(G,M).
On the other hand, consider the long-exact sequence in cohomology associated to the short
exact sequence of G-modules:
0→ Z/ℓn → Λ∨m → I∨m → 0.
And in particular, consider the connecting homomorphism δ : H2(G, I∨m) → H3(G,Z/ℓn).
We denote by Ψ: H1(H, I∨m)→ H3(G,Z/ℓn) the composition of the two maps:
Ψ: H1(H, I∨m)G d2−→ H2(G, I∨m) δ−→ H3(G,Z/ℓn).
Before we proceed to prove the main theorem of the paper, we show that Ψ(φ) can be
computed using the group-theoretical structure of Gφ. First, let us recall a well-known
characterization of a differential in the spectral sequence associated to a group extension.
Suppose 1 → R → H → G → 1 is an arbitrary extension of pro-ℓ groups and let M be an
G-module. Consider the associated extension
ξ : 1→ R
[R,R]
→ H
[R,R]
→ G→ 1
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and note that H/[R,R] is the pushout in the following square:
R


// H


Rab = R
[R,R]
// H
[R,R]
The group extension ξ defines a canonical element αH ∈ H2(G, Rab). On the other hand,
one has a canonical pairing Rab ×H1(R,M) → M since H1(R,M) = Hom(Rab,M) (recall
that R acts trivially on M). Thus, we obtain a cup product:
H0(G, H1(R,M))×H2(G, Rab)→ H2(G,M).
Proposition 3.2. In the notation above, the differential
d2 : H
0(G, H1(R,M)) = E0,12 → E2,02 = H2(G,M)
corresponds to the pairing with αH. More precisely, d2(x) = −x ∪ αH.
Proof. See [NSW08] Theorem 2.4.4. 
Given an element φ ∈ HomG(Im, J) = HomG(I, Jm−1), we produce the corresponding
group Gφ as above (we denote by φ the corresponding element in H1(H, I∨m)G following
Lemma 2.1). Recall that Gφ fits as a group extension:
1→ (Imφ)∨ → Gφ → G→ 1
and that (Imφ)∨ is abelian. In particular, we obtain an element αφ := αGφ ∈ H2(G, (Imφ)∨).
We denote by βφ the image of αφ under the canonical map H
2(G, (Imφ)∨) → H2(G, I∨).
Thus, one has the following equality of the differential d2(φ) = −φ ∪ βφ ∈ H2(G, I∨) by the
proposition above, along with the functoriality of the spectral sequences under consideration.
Clearly, the boundary morphism δ : H2(G, I∨) → H2(G,Z/ℓn) can be computed using only
G so that the composition Ψ(φ) = δ(−φ ∪ βφ) can be computed using Gφ along with the
projection Gφ ։ G. Moreover, G = G[2]φ = Gφ/G(2)φ and so the quotient Gφ ։ G can be
computed group-theoretically, as required.
Remark 3.3. We compare Ψ with the formula given in [AGKM01] Theorem 4.1. Recall
that I2 = I/I2. In this case, we can provide an explicit alternative formula for Ψ(φ) as
follows. Let (xi)i be a Z/ℓ
n-basis for H1(G) and consider the minimal convergent generating
set (σi)i for G which is dual to (xi)i. Then I = 〈(σi − 1)〉i, and I/I2 is a trivial G-module,
isomorphic to
∏
i Z/ℓ
n with a minimal topological Z/ℓn-generating set given by (σi−1) =: ρi;
namely, the canonical map
η :
∏
i
(Z/ℓn) · ρi → I/I2
is an isomorphism. Indeed, σ ·(τ−1) = (τ−1) mod I2 since (τ−1)(σ−1) ∈ I2 – thus I/I2
is a trivial module. Observe that (στ − 1) = (σ− 1)(τ − 1)+ (σ− 1)+ (τ − 1) and so indeed
(ρi)i are generators of I/I2. Moreover, one easily deduces that these are free generators for
I/I2 since the (σi) are a minimal generating set for G and we explicitly assume that G is
(Z/ℓn)-torsion-free.
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Thus, H1(H, I∨2 )G ∼= HomG(I/I2, J) →
⊕
i J
G defined by φ 7→ (φ(ρi))i is an isomor-
phism. On the other hand, one has JG = H1(H)G. By functoriality, the following diagram
commutes:
H1(H, I∨2 )G
d2
//
∼=

H2(G, I∨2 )
∼=
⊕
iH
1(H,Z/ℓn)G ⊕
i d2
//
⊕
iH
2(G,Z/ℓn)
where the vertical isomorphisms are induced by the isomorphism η :
∏
i(Z/ℓ
n) · ρi → I/I2.
What remains is to calculate the boundary homomorphism δ : H2(G, I∨2 ) → H3(G,Z/ℓn)
which we do in the following lemma:
Lemma 3.4. Let (σi)i be a minimal generating set for G with dual basis (xi)i forH
1(G,Z/ℓn).
Then I2 = I/I2 is isomorphic as a (trivial) G-module to the module:∏
i
(Z/ℓn) · ρi
where ρi = σi − 1. Under this identification, one has an isomorphism:
H2(G, I∨2 )→
⊕
i
H2(G,Z/ℓn)
defined on the level of cocycles by
ξ(•, •) 7→
∑
i
ξ(•, •)(ρi).
Via this isomorphism, the connecting homomorphism δ :
⊕
iH
2(G,Z/ℓn) ∼= H2(G, I∨2 ) →
H3(G,Z/ℓn) is given by:
δ
(∑
i
ξi
)
=
∑
i
−xi ∪ ξi.
Proof. The discussion preceding the statement of the lemma proves the first two claims. Let
us now calculate δ. Observe that the short exact sequence
1→ Z/ℓn → Λ∨2 → I∨2 → 1
is split by a section (˜•) : I∨2 → Λ∨2 which is a Z/ℓn-linear homomorphism sending f : I2 →
Z/ℓn to the unique homomorphism Λ2 → Z/ℓn defined by
f˜(ρi) = f(ρi), f˜(1) = 0.
Now take a cocycle ξ : G × G → I∨2 and consider the map ξ˜ : G × G → Λ∨2 defined by
ξ˜(σ, τ) = ξ˜(σ, τ). Then δ(ξ) = dξ˜ has a representing cocycle given by:
δ(ξ)(a, b, c) = [aξ˜(b, c)](1)− [ξ˜(ab, c)](1) + [ξ˜(a, bc)](1)− [ξ˜(a, b)](1)
= [ξ˜(b, c)](a−1)− [ξ˜(b, c)](1)
= [ξ˜(b, c)](a−1 − 1)
= −[ξ˜(b, c)](a− 1)
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Thus, writing a =
∏
i σ
ai
i we have using the discussion of Remark 3.3:
δ(ξ)(a, b, c) = −[ξ˜(b, c)](a− 1)
= −[ξ˜(b, c)]
(∑
i
aiρi
)
=
∑
i
−aiξ(b, c)(ρi)
and thus we’ve deduced that:
δ(ξ) =
∑
i
−xi ∪ [ξ(•, •)](ρi).
as required. 
Under the identifications in the discussion above:
• Hom(I, J1) = H1(H, I∨2 )G
• J1 = H1(H,Z/ℓn)G
We deduce that the map Ψ: Hom(I, J1)→ H3(G,Z/ℓn) is given by:
Ψ(φ) =
∑
i
−xi ∪ d2(φ(ρi)).
If ℓn = 2, G = GK for an arbitrary field K of characteristic different from 2, this formula
for Ψ(φ) is precisely the one given in [AGKM01] Theorem 4.1, if we consider φ : I → J1 as
a sequence (γi)i indexed by ρi where almost all γi = 0 as in loc.cit.
4. Proof of Main Theorem
Using the discussion above, we can rephrase Theorem 1 as follows.
Theorem 2. Let G be a pro-ℓ group and G = G[2] = G/G(2) as above (i.e. G ∼= ∏i Z/ℓn).
Let φ ∈ H1(H, I∨m)G be given. Consider the following statements:
(1) There exists γ ∈ H1(H,Λ∨m)G such that φ = φγ – i.e. φ is contained in the image of
the canonical map H1(H,Λ∨m)
G → H1(H, I∨m)G.
(2) Ψ(φ) = 0 ∈ H3(G,Z/ℓn) (see Definition 3.1 for the definition of Ψ).
Then (1) implies (2). Assume furthermore that the inflation map H2(G) → H2(G) is sur-
jective, then (1) and (2) are equivalent.
The fact that Ψ(φ) can be computed using Gφ was shown in §3. Furthermore, the fact
that (1) implies (2) is trivial by the definition of Ψ (see e.g. the bottom-left corner of the
diagram of Lemma 4.1). The remainder of the paper will be devoted to showing that (2)
implies (1) under the added assumption that the inflation H2(G)→ H2(G) is surjective.
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Lemma 4.1. The following diagram is commutative with exact rows and columns:
H2(G,Z/ℓn)

// H2(G,Z/ℓn)

// 0
H1(H,Λ∨m)
G

d2
// H2(G,Λ∨m)

// H2(G,Λ∨m)

H1(H, I∨m)G
Ψ
((P
P
P
P
P
P
P
P
P
P
P
P
d2
// H2(G, I∨m)

// H2(G, I∨m)
H3(G,Z/ℓn)
Proof. The commutativity of the diagram follows from the functoriality of the exact se-
quences in cohomology. The vertical columns are portions of the long exact sequences in
cohomology while the rows are portions of the exact sequence arising from the spectral
sequence associated to the group extension
1→ H → G → G→ 1.
The surjectivity of the top row is the explicit assumption in the main theorem. 
A diagram chase using the diagram in Lemma 4.1 shows that for φ ∈ H1(H, I∨m)G the
following are equivalent:
• Ψ(φ) = 0.
• There exists some φ′ ∈ ker(d2 : H1(H, I∨m)G → H2(G, Im)) such that φ′ + φ is in the
image of H1(H,Λ∨m)
G → H1(H, I∨m)G.
We have thus reduced the proof to the following proposition.
Proposition 4.2. The kernel of d2 : H
1(H, I∨m)G → H2(G, I∨m) is contained in the image of
H1(H,Λ∨m)
G → H1(H, I∨m)G.
Proof. Let us first note that (Im−1/Im)∨ is a trivial G-module with ℓn torsion as an abelian
group. Therefore the inflation map H1(G, (Im−1/Im)∨)→ H1(G, (Im−1/Im)∨) is an isomor-
phism; indeed, both groups are isomorphic to Hom(G, (Im−1/Im)∨) since G = G[2]. Thus
ker(d2 : H
1(H, (Im−1/Im)∨)G → H2(G, (Im−1/Im)∨)) = 0.
Now we proceed to prove the Proposition by descending induction on m. The base case
m = 2 is obtained from the observation above since, in particular, the map d2 is injective.
Suppose inductively that the kernel of d2 : H
1(H, I∨m)G → H2(G, I∨m) lies in the image of
H1(H,Λ∨m)
G. In particular, Theorem 2 holds for m by our inductive hypothesis. We shall
first show that any φ ∈ ker(d2 : H1(H, I∨m+1)G → H2(G, I∨m+1)) actually lies in the image of
the canonical map H1(H, I∨m)G → H1(H, I∨m+1)G. This follows from a diagram chase using
the following diagram with exact rows and columns. Note, in particular, that the restriction
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map H1(G, (Im/Im+1)∨)→ H1(H, (Im/Im+1)∨)G is the trivial map as noted above:
H1(H, I∨m)G

H1(H, I∨m+1)G
d2
//

H2(G, I∨m+1)

0 // H1(H, (Im/Im+1)∨)G d2 // H2(G, (Im/Im+1)∨)
Note that exactness of the first column follows from the fact that the functor M → MG is
left exact and it is applied to the exact sequence:
0→ H1(H, I∨m)G → H1(H, I∨m+1)G → H1(H, (Im/Im+1)∨)G
We have shown that, if φ ∈ H1(H, I∨m+1)G lies in the kernel of d2, then φ is the image of
some element φ0 ∈ H1(H, I∨m)G. By the functoriality of Ψ we see that Ψ(φ0) is zero. By
Theorem 2 which inductively holds m, we deduce that φ0 is the image of some element
ψ ∈ H1(H,Λ∨m)G. In particular, φ must be the image of ψ under the canonical map
H1(H,Λ∨m)
G → H1(H,Λ∨m+1)G → H1(H, I∨m+1)G. 
This completes the proof of Theorem 2. Once we identify H1(H, I∨m)G with HomG(Im, J)
and H1(H,Λ∨m)
G with HomG(Λm, J) as in Lemma 2.1, we deduce Theorem 1.
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